ABSTRACT Three-time-level semi-implicit semi-Lagrangian discretizations are used in many meteorological centres around thé world. Following thé work of Rivest et al. (1994) 
Introduction
It has been known for some time that there is a problem incorporating orographie forcing into semi-implicit semi-Lagrangian models (Coiffier et al., 1987; Kaas, 1987; Staniforth and Côté, 1991) . Recently Rivest et al. (1994) (hereinafter referred to as RSR94) clearly identified thé source of thé problem and proposed a solution for two-time-level semi-implicit semi-Lagrangian discretizations, which was demonstrated in a shallow-water équations model. The problem is due to spurious résonances of thé stationary solution to thé discretized équations. The solution is to off-centre thé semi-implicitly treated terms along thé trajectory.
It is the purpose of the present paper to further examine the above-mentioned problem, for three-time-level semi-implicit semi-Lagrangian discretizations to the shallow-water equations. It is important to examine these discretizations since they are commonly used at a number of meteorological centres around the world (Tanguay et al., 1989; Krishnamurti et al., 1990; Bubnova et al., 1994; Ritchie et al., 1994; Ritchie and Beaudoin, 1994; Williamson and Olson, 1994) . In particular, we consider the feasibility of retrofitting such models with an O(Af 2 )-accurate offcentred scheme such that changes to the model are minimized. The analysis is first presented, and a potential solution is then tested with a global non-linear model.
Analysis a Spurious Resonance for Centred Three-time-level Schemes
The linearized one-dimensional shallow-water equations after discretization with a standard three-time-level semi-implicit semi-Lagrangian scheme are (cf. RSR94) where
(| ) and § s are, respectively, the fluid depth and orographic height multiplied by g, and where the other symbols have their usual meaning. Here the basic-state quantities U and (j) are assumed non-zero, and the orographic geopotential § s is both non-zero and time invariant. Decomposing the stationary solution into Fourier harmonics,
leads to 
where C = UAt/Ax is the Courant number and K = kAx is the non-dimensional wavenumber. This condition for resonance is the analogue, but for three-time-level schemes, of the condition (10) of RSR94 for two-time-level schemes. Figure 1 displays the resonances as a function of C and K/n. As a function of increasing Courant number (or equivalently the time step), resonance will first occur at the finest resolvable scale for C, a little less than one half. The scale of this resonance grows progressively larger as C is further increased, and the second resonance occurs for a value of C a little greater than one half. Further resonances occur in pairs at the smallest resolvable scale for half-integer values of C, and these resonances also migrate to larger scales as a function of C (or time step). The curves of resonance are qualitatively similar to those displayed in Fig. 1 of RSR94, but with a rescaling by a factor 2 of the Courant number. This rescaling by a factor 2 occurs simply because the centred three-time-level scheme evaluates the time derivative over twice the time interval (2At vs At) of the corresponding two-time-level scheme. In the absence of rotation, the resonance condition (8) for three-time-level schemes is identical to that (cf. (10) of RSR94) of two-time-level schemes, but with At and C scaled by a factor of 2. Again, resonance can be avoided by using a sufficiently small time step (C < '/2), but at the price of not being able to exploit the enhanced stability of semi-Lagrangian schemes with respect to their Eulerian counterparts. An obvious scheme to consider is obtained by redefining j' as
Because the scheme is still centred it will still be O(A?
2 )-accurate, and still uses only three time levels of information. However, it is easily seen from an analysis analogous to that given above, that the problem of spurious resonance at large C remains, and all centred semi-implicit semi-Lagrangian schemes suffer from this deficiency. It is therefore essential to off-centre such schemes to avoid spurious resonance. The most accurate off-centred schemes that use three time levels of information are those given in RSR94, because they evaluate the time derivative over the minimum time interval of At rather than over 2Af as in (4). Thus if it is desired to retain the evaluation of the time derivative over an interval of 2Az as in (4), then to avoid spurious resonance requires an additional time level. This motivates the consideration of the following off-centred semi-implicit semiLagrangian scheme:
This four-time-level semi-implicit semi-Lagrangian scheme does not lead to spurious resonance of the stationary solution as can be easily verified by an analysis similar to that of Section 2a. It is O(Af 2 )-accurate as can be easily seen by a Taylor series expansion about the space-time point (x -UAt, t -At).
In the scheme just proposed, the Coriolis terms are discretized with an offcentred semi-implicit averaging as are all the terms except the advection terms. The Coriolis terms are not treated explicitly as in the original scheme (l)-(6), because this would give rise to an instability due to the planetary gradient of potential vorticity, the (i-effect. An analysis is presented in the Appendix for a simplified model to demonstrate this point. This weak instability was also found in practice.
It is important to examine the stability of the proposed scheme by decomposing the fields in the usual way in Fourier harmonics, e '
(kx+w '\ Substituting in (9), (10) and (11) leads to an eighth-order polynomial dispersion relation for E, where E = £ i(ku+w)At^ Thgj-g ^g ( W0 stable slow modes, one physical and one computational, and six fast modes, of which two are physical. Solutions of the sixth-order equation for the fast modes reveal no instability for an exploration of a realistic and large parameter range.
Two-dimensional experiments with a global shallow-water model
The variable-resolution global shallow-water model described in Cote et al. (1993) has been modified to accommodate both the conventional three-time-level scheme defined by (l)-(6), and the scheme proposed in section 2b.
The trajectories are calculated in the same way for both schemes. The upstream point at time t -At is obtained in the standard way by using the winds at time t -At to iterate. The trajectory between the arrival point at time t and the upstream point at time t -2At is calculated by simply extending backward the great-circle trajectory that joins the arrival point at time t to the already-determined upstream point at time t-At by a distance equal to that between them. For the second scheme only, trajectories between the arrival point at time t and the upstream point at time t -3At also need to be calculated. First, the upstream point at time t -3Af/2 is obtained, using the interpolated winds at time t -3At/2. Then this trajectory is extended backward to that between the arrival point at time t and the upstream point at time t -3A?. This makes the trajectories' computation somewhat more expensive than that of the previous scheme. A simpler and somewhat cheaper alternative suggested by one of the reviewers would be to further extend the above-mentioned great-circle trajectory backward to determine the upstream point at time t -3A/. However, this could conceivably further limit the maximum-permissible time step owing to an increase in the time truncation error. The grid configuration and the model orography are as depicted in Figs 4 and 5 of RSR94. The grid has a uniform ( ! /2°) resolution window over North America. As in RSR94 the experiments consist of 48-h forecasts initiated from the 500-mb height UED FEB 14 79 12Z 48HR D225N297 Fig. 3 As in Fig. 2 , but with the unmodified centred three-time-level scheme and 30-min time step.
and wind analyses of 1200 UTC 12 February 1979 after an implicit normal-mode initialization. The initialized geopotential is displayed in Fig. 6 of RSR94. Figure 2 shows the "control" 48-h forecast obtained using the standard twotime-level semi-implicit semi-Lagrangian scheme with a time step of 10 min and is identical to Fig. 7 of RSR94 . No spurious noise is apparent in the vicinity of the Rockies because of the small time step (and Courant number). Figure 3 displays the 48-h forecast with the conventional three-time-level scheme described in section 2a of the present paper, with a time step of 30 min. Spurious oscillations develop over and in the lee of the Rockies. The geopotential field is similar to that shown in Fig.  8 of RSR94 for the two-time-level scheme with a time step of 1 h. This is readily explained by the two schemes being nearly equivalent, when At is scaled by a factor of 2. When At is increased to 1 h, the conventional three-time-level scheme not surprisingly gives a geopotential field (not shown) almost identical to that of Fig. 9 of RSR94, which displays the 48-h forecast with a time step of 2 h. Consistent with the results of RSR94, the horizontal scale of the spurious oscillations increases as the time step increases. Figure 2 can be considered as a control integration without spurious resonances and Fig. 3 as evidence of an orographically tied spurious resonant response when using a three-time-level conventional semi-implicit semiLagrangian scheme at large Courant number. the vicinity of the Rockies. To evaluate the accuracy of the modified scheme we have calculated the rms differences over the high-resolution window of the 48-h forecasts of the modified scheme against the small time-step control integration.
Results are presented in Table 1 . If, as in RSR94, a rms difference of 4 m is considered acceptable, time steps larger than 1 h could be used in conjunction with the modified scheme.
Conclusions
In this paper the problem of orographically tied spurious resonance has been examined in the context of the conventional three-time-level semi-implicit serniLagragian scheme, and this complements the work of RSR94 for the two-time-level conventional scheme. Modifying the conventional three-time-level scheme into a four-time-level off-centred semi-implicit scheme successfully eliminates the unwanted resonances. It is the purpose of the present paper to propose and evaluate the above scheme as a retrofit. As a retrofit, the four-time-level scheme does not require changing the semiLagrangian treatment of adveetion, but it does require changing the semi-implicit part by off-centering (as the RSR94 scheme also does), and treating the Coriolis terms implicitly. It also necessitates an additional time level of information. A simpler four-time-level alternative that avoids changing the explicit treatment of the Coriolis terms is unfortunately weakly unstable. For centres having centred three-time-level semi-implicit semi-Lagrangian baroclinic models and wishing to address the resonance problem, to date there appears to be a trade-off between two alternatives. The first is to introduce a retrofit scheme based on that demonstrated here in the context of the shallow-water equations. The second is to introduce a variant of the O(A/ 2 )-accurate scheme proposed in RSR94, which would presumably require more effort but would be more efficient. Discretizing the equations (13)- (14) with a four-time-level off-centred scheme but with the Coriolis terms treated explicitly leads to where D/T>t, ( ) e ', and ( )* are denned respectively in (4), (5), and (12). Again decomposing into Fourier harmonics, (15), leads to a polynomial in e ' (kU+w) A ' with only one free parameter p' = pAt/k. Varying P' from 0 to 2 and solving numerically reveals an instability for P' s* 0. A similar analysis for the scheme proposed in section 2b, i.e. the four-time-level scheme with the Coriolis terms treated implicitly, shows no instability.
